We propose a categorical setting for the study of the combinatorics of rational numbers. We find combinatorial interpretation for the Bernoulli and Euler numbers and polynomials.
Introduction
Let Cat be the category whose objects are small categories (categories whose collection of objects are sets) and whose morphisms Cat(C, D) from category C to category D are functors F : C → D. Let Set be the category whose objects are sets and given x, y ∈ Ob(Set) morphisms in Set from x to y are maps f : x → y. We define an equivalence relation Iso C on Ob(C) as follows: two objects x and y are equivalent if and only if there exists an isomorphism f ∈ C(x, y). There is a natural functor D : Cat → Set called decategorification given by D(C) = Ob(C)/Iso C for all C ∈ Ob(Cat), see [3] for details. Given functor F : C → D then D(F ) : Ob(C)/Iso C → Ob(D)/Iso D is the induced map. If x is a set and C is a category such that D(C) = x, we say that C is a categorification of x. For example a categorification of the natural numbers is the category B whose objects are finite sets and whose morphisms are bijections. We are interested in the categorification of sets with additional properties. For example see [3] , a partial categorification of a ring R is a symmetric monoidal category with negative objects C together with a map | | : Ob(C) → R, such that |x ⊕ y| = |x| + |y|, |x ⊗ y| = |x||y|, |1| = 1 and |0| = 0. The main goal of this paper is to introduce a categorification of the ring Q of rational numbers.
As explained in [8] the main topic of enumerative combinatorics is the following: given a infinite sequence x 0 , x 1 , . . . , x n , . . . of finite sets, objects of B, compute the corresponding sequence |x 0 |, |x 1 |, . . . , |x n |, . . . of natural numbers. So one looks for a numerical representation of combinatorial objects. There is also an inverse problem in enumerative combinatorics: given a sequence of natural numbers a 0 , a 1 , . . . , a n , . . . find an appropriated sequence of finite sets x 0 , x 1 , . . . , x n , . . . such that |x i | = a i for all i ∈ N. Here we look for a combinatorial interpretation of a sequence of natural numbers. Enumerative combinatorics can be extended to deal with integer sequences of numbers by considering sequences of pairs of sets (x 0 , y 0 ), . . . , (x n , y n ), . . . and demanding that |(x i , y i )| := |x i | − |y i | = a i for a i ∈ Z and i ∈ N. Our problem is the following: find a symmetric monoidal category C, not too far from B, provided with a natural valuation | | : Ob(C) → Q. Given such pair C and | | : Ob(C) → Q one defines "rational combinatorics" as the problem of finding the sequence |x 0 |, . . . , |x n |, . . . for any sequence of objects x 0 , . . . , x n , . . . in Ob(C). Similarly the inverse problem in rational combinatorics would be the following: given a sequence a 0 , . . . , a n . . . in Q, find objects x 0 , . . . , x n , . . . in Ob(C) such that |x i | = a i , i ∈ N. Of course there are several categories C provided with valuations | | : Ob(C) → Q. So if we like our enumerative problem above to be called "combinatorial" the category C must be close to B and the valuation map | | : Ob(C) → Q close to the notion of cardinality of finite sets. Our main proposal is that the category FGD of finite groupoids is a promising candidate for replacing B when dealing with the combinatorial properties of rational numbers.
B n -FGD species
We set [n] = {1, 2, . . . , n} and denote by B n the category whose objects are pairs (x, f ) where x is a finite set and f : x → [n] is a map. Morphisms in B n from (x, f ) to (y, g) are given by
B n is a symmetric monoidal category with the monoidal structure given by disjoint union Definition 4. The category FGD of finite groupoids is the category whose objects are finite groupoids and whose morphisms from G to H are functors F : G → H.
FGD is a symmetric monoidal category whose monoidal structure is given by disjoint union and Cartesian product, the groupoid 1 has only one object Ob(1) = {1} and are morphism 1(1, 1) = 1. The empty groupoid φ is such that Ob(φ) = φ the empty set. For the reader convenience we recall the notions of disjoint union and Cartesian product of categories. Given two categories C and D we define the disjoint union C ⊔ D as the category whose objects are Ob(C) ⊔ Ob(D) and for x, y ∈ Ob(C ⊔ D) the morphisms from x to y are given by
The Cartesian product of categories C and D is the category C × D given by
and for all (x 1 , y 1 ), (x 2 , y 2 ) ∈ Ob(C × D) we have C × D((x 1 , y 1 ), (x 2 , y 2 )) = C(x 1 , x 2 )× D(y 1 , y 2 ).
Definition 5. Let R be a commutative ring. A R-valuation on a symmetric monoidal category
C is a map | | : Ob(C) → R such that for x, y ∈ Ob(C) the following identities holds
Proof. Let G, H ∈ Ob(FGD), Then
The valuation map | | : FGD −→ Q above has been previously introduced by Baez and Dolan in [2] . Given two categories C and D we let C D be the category whose objects are functors F : D → C and morphisms from F to G in C D are natural transformations T : F → G. Definition 7. The category of B n -FGD species is the category FGD B n . An object F : B n → FGD is called a B n -FGD species or a rational species.
We denote by FGD 0 B n the full subcategory of FGD B n whose objects are functors F : B n → FGD such that F (φ) = 0. The following definition was extracted from [3] . We denote by Π[x] the set of all partitions of x ∈ Ob(B).
, the following defines, product, composition and derivative of B n -FGD species
Above × is the Hadamard product of series.
The symmetric group is denoted by
Example 10. The singular species
for (x, f ) ∈ Ob(B n ).
Example 11. Let S ×N : B → FGD the species given as follows: for each x ∈ Ob(B), S ×N (x) is the groupoid given by Ob(S ×N (x)) = {x} for all x ∈ Ob(B) and the morphisms
Example 13. Let E N : B → FGD such that for each x ∈ Ob(E), Ob(E N (x)) = {x}. and
then
Let G be a group. Let G : B → FGD the rational species such that for x ∈ Ob(B)
Then we have |G| = 1 |G| .
Corolary 14.
Example 15. Let ( ) (N ) : B → FGD the rational species such that for x ∈ Ob(B),
where (x) n = x(x + 1) . . . (x + n − 1) is the increasing factorial polynomial. 
Let Z : B → FGD the species given in example 12 with N = 1, and let Z (N ) : B → FGD be the increasing factorial rational species. It is such that x ∈ Ob(B) the groupoid Z (N ) (x) is given by
Theorem 17.
Proof.
Notice that Z (1) = Z and Corolary 18.
Definition 19. Given a groupoid G and an integer N . The increasing factorial groupoid G (N ) is given by 
Proposition 20. |G (N ) | = |G| (N ) , for all finite groupoid G.
Definition 21. Let G be a finite groupoid such that |G| = a b . The species
Corolary 23. Let F : B → FGD be a rational species. Then the species given on x ∈ Ob(B) by
Proof. Use Theorem 9.
Let G be a group acting on a finite set X. The quotient groupoid is the groupoid X/G such that Ob(X/G) = X and X/G(x, y) = {g ∈ G | gx = y}, for all x, y ∈ X.
Proposition 24. If G acts on X, then |X/G| = |X| |G| . Proof.
Let G = {G N } be a sequence of groups such that G N is a subgroup of S N .
Example 25. The species P G : B → FGD is given by sending a finite set x to the quotient
We define the rational species Isinh : B → FGD as follows: for each x ∈ Ob(B) the groupoid Isinh(x) is given by
Isinh(x)(x, x) = Z |x| for x = φ.
Thus we have
Theorem 26. |Isinh| = sinh(x) x dx.
The rational species Icosh : B → FGD is given on x ∈ Ob(B) by
Ob(Icosh(x)) = {x} if |x| is even, φ otherwise.
Then we have the following
The integral sine rational species Si : B → FGD is such that for each x ∈ Ob(B),
Si(x)(x, x) = (−1) |x| Z |x| . for x = φ.
Theorem 28. |Si| = sin(x) x dx.
Consider the inertia functor I : FGD B → FGD B such that for each specie F ∈ FGD B its image I(F ) is given by Ob(I(F )(x)) = Ob(F (x))
for all x ∈ Ob(B) and for objects a, b ∈ Ob(F (x)) morphisms from a to b in I(F )(x) are given by
The groupoid I X [N ] /S N is given by Ob I(X [N ] /S N ) = X [N ] . and for a, b ∈ X [N ] ,
One checks that
Recall that a set X can be consider as a groupoid as follows Ob(X) = X and morphisms in X from a to b are given by
Example 30. The exponential species Exp n ∈ FGD B n is given by Exp n (x, f ) = 1 FGD . It should be clear that |Exp n | = e x 1 +···+xn . For n = 1 we write Exp instead of Exp 1 .
Theorem 31. Let F a B n -FGD species such that F (φ) = φ then the species (1 + F ) −1 is given by
Definition 32. Let F ∈ Ob FGD B n and a, b ∈ N, a = 0. The species b a F is given as follows
, then
Bernoulli numbers and polynomials
In this section Theorem 31 will be used to provide a combinatorial interpretation for Bernoulli numbers and polynomials.
Definition
x n n! .
If N = 1 and f (x) = e x , then the sequence B e x 1,n is the Bernoulli numbers sequence B n such that
x
B n x n n! .
If N = 2 and f (x) = e x we have the B 2,n Bernoulli numbers, they satisfy
Corolary 36.
Notice that by Theorem 9 the valuation of the species ∂Z = 1 + ∂Z, where ∂Z(x) = ∂Z(x) if x = φ and ∂Z(φ) = φ is e x −1
x and also
This implies that 1
That is
Corolary 37.
Proof. By corollary 36 we have
Let Z (N ) : B → FGD be the decreasing factorial rational species which is such that for each x ∈ Ob(B), Ob(Z (N ) (x)) = Ob(Z(x)) and
Theorem 38.
Proof. It is easy to verify that
This implies that
x N dx.
More generally we have the following Theorem 39. Let F : B → FGD be a rational species, then
Corolary 40. Let F : B → FGD be a rational species. The valuation of the species 
Notice that if N = 1 and f (z) = e z the Bernoulli polynomials B n (x) are given by ∞ n=0 B n (x) z n n! = ze zx e z − 1 .
If N = 2 and f (z) = e z the B 2,n polynomials are given by ∞ n=0 B 2,n (x) z n n! = z 2 /2! e zx e z − 1 − z .
Let A and B be finite sets, we use the following notation The identity |F (XZ)| = |F |(xz) follows from Theorem 9.
Corolary 43. F (XZ) ∂ N F × Z (N ) = z N |F |(zx) |F |(z) − π N (|F |)(z) .
Euler numbers and polynomials
In this section we provide a combinatorial interpretation for the Euler numbers and polynomials. It would be interesting to extend our results to the q-Euler numbers and polynomials discussed for example in [6] . The Euler numbers are denoted by E n , so true satisfy 2 e x + 1 = ∞ n=0 E n x n n! .
Let F K : B → FGD the rational species given by F K = Z K (1 + Exp)
Theorem 45. The species 1 F K is such that 1
Next we provide a combinatorial interpretation for the Euler polynomials. First let us recall the definition of the Euler polynomials also.
Definition 46. The K-Euler polynomials sequence is given by ∞ n=0 E n,K (x) z n n! = Ke xz e z + 1 .
Theorem 47. Exp (XZ) Z K (1 + Exp) = Ke xz e z + 1 .
